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Flutter Analysis of Cascades Using an Euler/Navier-Stokes
Solution-Adaptive Approach

C. J. Hwang* and J. M. Fangt
National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

In this study, cascade flutter analyses for inviscid and viscous flows are presented. In the present time-
domain approach, the structural model equations for each blade as a typical section having plunging and
pitching degrees of freedom are integrated in time by the explicit four-stage Runge-Kutta scheme. A
solution-adaptive finite volume method with globally/rigid-deformable dynamic mesh treatments is in-
troduced to solve the two-dimensional Euler/Navier -Stokes equations. For viscous flows, the Baldwin-
Lomax turbulence model and two transition formulations are adopted. By comparing with the related
data in two inviscid transonic-cascade-flutter problems, the reliability and suitability of the present ap-
proach are confirmed. From the time histories of blade displacements and total energy in transonic-flutter
calculations, it is observed that the viscous effect has a damping influence on the aeroelastic behavior.
The instantaneous meshes and vorticity contours clearly indicate the shock/boundary-layer interaction,
large vortex structure, and big plunging motion in the transonic flutter, subsonic stall flutter, and super-
sonic bending flutter, respectively. By using the fast Fourier transformation and modal identification
techniques, the aeroelastic behaviors in the inviscid transonic and viscous transonic, subsonic stall, and
supersonic bending flutter problems are further investigated.

Nomenclature
doc = freestream speed of sound
b = semichord of the blade
Ci = lift coefficient
Cm - moment coefficient
Cl, C2 = empirical constants for mesh refinement
c = chord length
£tot = total energy of the blade
h = plunging displacement
/„ = moment of inertia per unit span about the elastic

axis
Kh = spring constant for plunging motion
Ka = spring constant for pitching motion
kh = plunging reduced frequency of the blade, a)hb/Uoo
ka = pitching reduced frequency of the blade, toJolU*,
Minjet = inlet Mach number
Moo = freestream Mach number
m - mass of the blade per unit span
ra = radius of gyration of the blade about the elastic

axis in semichord units, (IJmb2)1'2
Sa — static moment per unit span about the elastic axis
7, t = time
C/oo = freestream velocity
V* = reduced velocity, Uao/ba)a
xa = distance between the elastic axis and center of

mass in semichord units, SJmb
a = pitching displacement
AW = work done on the blade by the aerodynamic loads
fji = mass ratio of the blade, mlirpb2

p = density of the gas
T = nondimensional time, tajlb
a)h = uncoupled plunging natural frequency of the

blade, (Kh/m)l/2
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a)a = uncoupled pitching natural frequency of the blade,
(KJIa)112

Introduction

BECAUSE flow-induced vibrations can cause the failure of
blades, aeroelastic instability has been mainly considered

in the safe design of propfans, compressors, and turbines.
Blade vibrations are generally classified into self-excited vi-
bration (flutter)1 and forced vibration. Although the vibratory
motion in both circumstances may cause structure failure, only
flutter problems are taken into account in this paper. In two-
dimensional cascade flutter calculations,2"6 the blade/airfoil
structure models with an assumption of a typical section2"5 or
having chordwise flexibility4'6 were introduced. For the typical
section model, the section is assumed to be chordwise rigid,
where the camber bending is neglected. The pitching and
plunging stiffnesses are modeled by torsional and linear
springs, respectively, attached at the elastic axis of the typical
section. As for the model with chordwise flexibility, a section
of unit width in the spanwise direction is allowed to have
camber bending. For real turbomachinery blade flutter, the res-
olution of values for the various two-dimensional parameters
is often very problematic. Therefore, the three-dimensional fi-
nite element model, such as that given by Bendiksen and
Hsiao,4 was presented. In this work, the typical section model
is adopted to evaluate the present two-dimensional solution-
adaptive approach by comparing with the related inviscid two-
dimensional flutter results.3'4 In the flutter calculations, with
a typical section model, both a frequency-domain2'3 and time-
domain2'5 analyses have been widely used. For the frequency-
domain analysis, the blade displacements are assumed to be a
harmonic function of time. Also, the assumption of a linear
relation between aerodynamic loads and displacements is
made. Therefore, the structural model results in an eigenvalue
problem for each blade. It is known that the frequency-domain
analysis is valid for small-amplitude oscillations.2 For the time-
domain analysis, no assumption of a linear relation between
aerodynamic loads and blade displacements is required. The
unsteady equations of motion for the blades and the fluid are
integrated simultaneously in time. Therefore, the time-domain
analysis can be applied to the cascade flutter with small- and
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large-amplitude oscillations. Based on the preceding discus-
sion, the time-domain analysis is employed in this work.

In many aeroelastic instability problems, nonlinear dynamics
are important. Several time-marching methods have been de-
veloped to investigate the linear and nonlinear flutter phenom-
ena. To understand the features of time-marching methods in
the cascade flutter analyses, the following papers are studied.
By solving the full-potential equation, Bakhle et al.2 used the
time-domain and frequency-domain methods for linear flutter
analyses of two-dimensional cascades. For the two examples,
where a cascade with nine blades and a cascade with five
blades were considered, respectively, the comparison revealed
good agreement between the flutter results from those two
methods. Based on an Euler solver, the frequency-domain and
time-domain approaches were presented by Reddy et al.3 For
a cascade with five blades, the flutter results obtained from the
frequency-domain approach agreed well with the previously
published results. When the time-domain approach was used,
the expected trends of flutter were achieved. Bendiksen and
Hsiao4 introduced a time-domain approach and an energy point
of view to study the aeroelastic stability of two-dimensional
cascades and quasi-three-dimensional rotors. In their approach,
where finite volume and finite element methods were used, a
number of important advantages were described. The flutter
results indicated that the transonic flutter problems associated
with those cascades and turbomachinery rotors were nonlinear.
When the turbomachines operate at off-design conditions, flow
separation may happen. The viscous effects should be consid-
ered in the flutter analysis of cascades. By using a scheme
based on a modified form of the vortex method, Sisto et al.5
studied the stall flutter phenomenon for incompressible flow
past a cascade of airfoils, where the airfoils were modeled
structurally as single-degree-of-freedom linear oscillators.
They showed that a study of the two-degrees-of-freedom case
is mandatory because the practical manifestation of a stall flut-
ter in cascade occurs with a coupled bending-torsion mode.
Direct solutions of the unsteady Navier-Stokes equations may
be utilized in place of the vortex method.5 Based on the afore-
mentioned discussion, the inviscid and viscous cascade flutter
problems with a coupled bending-torsion mode are investi-
gated. The solution-adaptive approach,7 which was accurate
and suitable for studying the unsteady inviscid flows with com-
plex geometeries and moving boundaries, is used to solve the
Euler equations, first. Then, this approach is modified and ex-
tended to solve the Navier—Stokes equations.

The objective of this work is to investigate the inviscid and
viscous flutter behaviors of cascades. In the present time-
domain analysis, the two-dimensional Euler/Navier-Stokes
equations and the structural model equations, where each blade
is treated as a typical section having plunging and pitching
degrees of freedom, are integrated simultaneously in time. By
using the explicit four-stage Runge-Kutta scheme, the struc-
tural model equations are solved. In the computations of the
inviscid flow problems, a solution-adaptive finite volume
method7 is adopted. When the viscous flows are studied, this
method is incorporated with a rigid-deformable dynamic mesh
algorithm and a treatment of numerical viscous flux function.8
To predict the onset and extent of transition and include the
turbulent effect, two transition models9'10 are coupled with the
Baldwin—Lomax turbulence model.11 In this work, two invis-
cid transonic flutter calculations are first performed to under-
stand the inviscid flutter phenomena and accuracy or suitability
of the present approach. Later, the viscous transonic, subsonic
stall, and supersonic bending flutter problems are investigated.

Aerodynamic Model
In this work, the two-dimensional unsteady Euler/Navier-

Stokes equations with moving cell effects7'8 are solved in the
Cartesian coordinate system. In the viscous flow calculations,
an algebraic eddy-viscosity turbulent formulation is adopted.11

For the transition region that exists between a laminar and

turbulent flow, the transition location and intermittency factor
are accounted for. The formulations, which were predicted by
Abu-Ghannam and Shaw9 for the natural transition in an at-
tached flow and given by Mayle10 for the transition in the
separated flow, respectively, are used. In the inviscid flow cal-
culations, the locally implicit cell-centered finite volume total
variation diminishing (TVD) solution-adaptive approach,
which was implemented on the static or dynamic quad-
rilateral-triangular meshes by Hwang and Fang,7 was em-
ployed. For this scheme, the spatial discretization is treated by
a non-MUSCL-type symmetric TVD formulation. The time in-
tegration is accomplished by a locally implicit approach, which
includes a two-parameter (6 and j8) expression, Taylor series
expansion, and a modified Gauss—Seidel method. In the pres-
ent computations, the parameters 6 and /3 are chosen to be 1/2
and 0, respectively, and the scheme becomes second-order ac-
curate in time. When the viscous flutter problems are studied,
the previously mentioned solution-adaptive approach is cou-
pled with a numerical viscous flux formulation.8 For this for-
mulation on the quadrilateral-triangular meshes, the first-order
derivatives of the velocity components and temperature are
calculated by constructing auxiliary cells and using the Green's
theorem for surface integration.

In the present flutter calculations, the blade displacements
[a, (hlc)] are obtained by solving the structural model equa-
tions. When the inviscid flutter problems are studied, the glob-
ally dynamic mesh algorithm7 and the values of a and hlc are
used to determine the instantaneous positions of grid points on
triangular mesh. This kind of dynamic mesh is immediately
responded to moving blades. For the viscous flutter problems,
the rigid-deformable dynamic mesh algorithm8 is introduced
to maintain the orthogonality on each blade surface and the
smoothness of quadrilateral-triangular meshes. With regard to
the rigid-deformable dynamic mesh algorithm, a layer of O-
typed quadrilaterals, which is generated around each blade sur-
face, is moved and oscillated rigidly with respect to its own
blade. Then, the triangles, which are distributed elsewhere, are
treated by a dynamic mesh algorithm.7 In addition to the afore-
mentioned dynamic mesh algorithms, the mesh-refinement
technique7 is employed, so that the meshes can be automati-
cally refined during the present unsteady calculations. For this
mesh-refinement technique, a coarse mesh is used as a back-
ground grid, and a two-level refinement procedure is em-
ployed. In this procedure, the values of Cl and C2 are chosen
to multiply by the average value of the gradient of density, so
that two threshold values are determined. In general, the values
of Cl and C2 are dependent on the flow feature and the num-
ber of background cells to be refined during the computations.
If the values of Cl and C2 are small, the number of cells is
large. Therefore, more computational time is required, but
higher resolution is obtained.

During the flutter calculations, the steady-state solutions are
chosen as initial conditions. In the steady-state computations,
adiabatic wall and no-penetration or no-slip conditions are im-
posed on the blade surfaces. The pressure and density at the
blade surfaces are extrapolated from the values at the interior
cells. By giving the freestream Mach number and flow angle,
the one-dimensional characteristic analysis based on Riemann
invariants is used to treat inlet boundary. At the exit boundary,
the back pressure is prescribed, and the other flow properities
are extrapolated from those at the interior cells. In the flutter
calculations with dynamic mesh effects, the movement of the
boundary cells must be taken into account for implementing
the boundary conditions. The boundary treatments on the blade
surfaces are the same as those in Refs. 7 and 8. At inlet and
outlet planes, one-dimensional unsteady nonreflective bound-
ary conditions are employed.12 In the flutter calculations with
an interblade phase angle (cr) of 180 deg, the symmetric treat-
ment is applied on upper and lower boundaries of the com-
putational domain (Figs, la and Ib). As for the spatially pe-
riodic boundaries of cascade with multiple blades (Figs. Ic and
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Fig. 1 Four kinds of coarse meshes (background grids) in the inviscid and viscous flutter calculations: a) inviscid transonic flutter
calculation at M„ = 0.85 (NACA 0006 cascade), b) viscous transonic flutter calculation at M„ = 0.85 (NACA 0006 cascade), c) subsonic
stall flutter calculation at M„ = 0.3 (NACA 0012 cascade), and d) supersonic bending flutter calculation at M« = 1.1 (NACA 0012 cascade).

Id), the numerical treatment in steady and unsteady calcula-
tions is the same as that in Ref. 8.

Structural Model
In this paper, each blade of a cascade is modeled as a typical

section with plunging (/z, positive down) and pitching (a, pos-
tive clockwise) degrees of freedom. The structural damping is
not considered in the present calculations. Introducing a non-
dimensional time T— taoo/2&, the nondimensional form of equa-
tions of motion for each blade becomes

__ ADAPTIVE MESH
.......... COARSE MESH
——. FINE MESH
o A BENDIKSEN AND HSIAO4

ka = 0.4, kh = 0.4 (V* = 2.5, *± = 1.0)

= {F}

where

[Af] =

1 i
2 4

<=riti .°..iL 0 MlrlkU
(2)

(3)

In the preceding equations, the dots over q indicate differen-
tiation with respect to time.

By using V* = Ux/ba>a as the reduced velocity, the matrix
[K] in Eq. (2) can be rewritten as

ka = 0.3, kh = 0.3 (V* = 3.33, £• = 1.0)

V*a>a

0

0

y*

(4)

The total energy (£"tot) of each blade and work (AW) done on
the blade by the aerodynamic loads are expressed as

i{q}T[K]{q}

= J [4}T[F}dT

(5)

(6)

25,0

Fig. 2 Histories of h/c and a for the unstaggered NACA 0006
cascade in inviscid transonic flutter calculations at Mx = 0.85.
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As a system is conservative, the difference of Etot and AW
should be equal to a constant, i.e., a value of initial energy. In
the time-marching solution procedure, Eq. (1) is rewritten into
first-order ordinary differential equations. Then, an explicit
four-stage Runge-Kutta scheme is applied to obtain the re-
sulting structural displacements. In the present flutter calcula-
tions, the steady-state solutions are first obtained by solving
the Euler/Navier-Stokes equations. Those steady-state solu-
tions are chosen as the initial conditions, and a blade is given
a small pitching velocity. Later, the fluid and structural equa-
tions are simultaneously integrated in time, where the aero-
dynamic loads drive the structural equation and the resulting
structural displacements vary the aerodynamic loads.

Results and Discussion
Inviscid Transonic Flutter

To evaluate the present approach and investigate the inviscid
transonic flutter phenomena, two cascade problems are studied.
First, an unstaggered NACA 0006 inviscid transonic cascade
flow is computed.4 The cascade parameters are a cascade gap-
to-chord ratio (s/c) of 1.0, an interblade phase angle (er) of
180 deg, and a mass ratio (JJL) of 192 (titanium). On a coarse
mesh shown in Fig. la, the steady-state solution is obtained,
where the exit pressure ratio (pe/p*>), freestream Mach number
(Moo), and angle of attack (aj) are equal to 1.05, 0.85, and 0-
deg, respectively. Given an initial pitching velocity (da/dr) of
0.0425, the flutter calculations are processed by using the so-
lution-adaptive approach. At the tenth time-step, the coarse

mesh (Fig. la) is refined, where Cl and C2 are chosen to be
4.0 and 12.0, respectively. Later, the automatic mesh-refine-
ment procedure7 with the same values of Cl and C2 is adopted.
In addition to the previously mentioned calculations on adap-
tive meshes, the computations on two fixed (coarse and fine)
meshes are performed to evaluate the present solution-adaptive
approach. As shown in Fig. 2, the time histories of plunging
and pitching displacements of the cascade referred to the elas-
tic axis at 38% chord are identical among those computations
on three kinds of meshes. For the case with kjkh = 0.3/0.3
(V* = 3.33, a)h/a)a = 1.0), the amplitudes of h/c and a pro-
gressively grow, so that blade flutter occurs. Except for the
amplitude of a, the time histories of a and h/c are similar to
those in Ref. 4 (Fig. 2). When the value of kjkh is equal to
0.4/0.4 (V* = 2.5, (oh/(oa = 1.0), the present solutions compared
well with the related results given in Ref. 4, where the ampli-
tudes of a and h/c progressively decay and grow, respectively
(Fig. 2). Because the aeroelastic behavior is not clearly un-
derstood in this case, the stability of the blade is determined
by the analysis of Etot and AW. It is known that Etot will in-
crease with time if the blade flutter happens4; otherwise, the
blade is stable. From the time histories of Etot and AW shown
in Fig. 3, the blade flutter occurs for the present two cases.
Because the present inviscid flow is a nondissipative system,
Etot — AW should be a constant value. As shown in Fig. 3, the
values of Etot — AW indicate that the computation on the adap-
tive mesh is the best among the three kinds of meshes for each
case. By using modal identification analysis,13 damping of the
responses can be estimated. Then, the flutter-reduced velocity

____ ADAPTIVE MESH
.——— COARSE MESH
———— FINE MESH

= 0.4,fc/, = 0.4(V*=2.5, ̂  = 1.0
OOaiaO-i

ka = 0.3, A* = 0.3 (V* = 3.33, «*• = 1.0)
0.02120 -i

/
Bt, I

0.02115 -
^
<3 0.02110-

I

o 0.02105-

cq
0.02100-

0.02095 -

-0.02
25.0

0.02090
0.0 5.0 10.0 15.0 20.0 25.0

Fig. 3
0.85.

Histories of Etot9 AW, and Etot — AW for the unstaggered NACA 0006 cascade in inviscid transonic flutter calculations at
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p

II

Fig. 4 Instantaneous meshes and corresponding vorticity contours for the unstaggered NACA 0006 cascade in transonic flutter calcu-
lations at A/*, = 0.85 and V* = 3.33: a) inviscid and b) viscous flows.

ka = 0.4, kh = 0.4 (V = 2.5, **• = 1.0) *« = 0.3, kk = 0.3 (V = 3.33, ̂  = 1.0)

inviscid
.calculatior\/

•0,05

0.029

0.015

inviscid calculation,

5.0 10.0 IS.Q 20.0

Fig. 5 Histories of h/c, a, and Etot for the unstaggered NACA 0006 cascade in inviscid and viscous transonic flutter calculations at M »
0.85.

viscous calculation
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is defined when the largest damping vanishes. Based on the
aforementioned modal identification analysis and an extrapo-
lation process, the flutter-reduced velocity is V* = 2.3. In ad-
dition to the previously mentioned aeroelastic behavior, it is
interesting to study the unsteady inviscid flow phenomena. As
shown in Fig. 4a (V* = 3.33, a)h/a)a = 1.0), the time variations
of strength and the location of trailing-edge shocks are ob-
served. Also, the vorticity contours are concentrated around

the shock, the leading edge, or downstream of the trailing
edge. According to the preceding discussion, the present so-
lution-adaptive approach is reliable for studying the cascade
flutter problems.

To further understand the suitability of the present approach
for a multiple-blade time-accurate calculation, a cascade with
five blades is investigated. The geometry, flow conditions, and
structural parameters are the same as those presented by Reddy

0.0"—a) 0.0

Moo = 0.85, V = 3.33 Moo = 0.85, V* = 2.5

b)

Moo = 0.85, V* = 3.33 Moo = 0.85,V* = 2.5

c)

Moo =0.3,y* =
w
Q
B-

Moo =

REDUCED FREQUENCY REDUCED FREQUENCY
Fig. 6 FFT of cascade responses for the inviscid and viscous flutter calculations: a) pitching displacement in inviscid transonic flutter
calculation, b) pitching displacement in viscous transonic flutter calculation, c) pitching displacement in viscous subsonic stall flutter
calculation, and d) plunging displacement in viscous supersonic bending flutter calculation.
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et al.3 For an inlet Mach number and angle of attack equal to
0.7 and 2.15 deg, respectively, the steady-state solution is ob-
tained, where the outflow static back pressure is adjusted by
trial and error until the inlet desired Mach number is matched.
The lowest blade is given a small initial pitching velocity (da/
dr) of 0.0425, and all the other blade displacements and ve-
locities are initially zero. Calculation is performed only for
V* = 2.0, and a constant marching time step of Af = 0.004 is
chosen. During the solution-adaptive calculation, Cl and C2
are set to be 6.0 and 15.0, respectively. In the fast Fourier
transform (FFT) analysis of pitching displacement, the reduced
frequency is equal to 0.243, which agrees with the value of
0.25 presented by Reddy et al. According to the preceding
discussion, the present solution-adaptive approach is suitable
for studying flutter problems with multiple-blade configura-
tions.

Viscous Transonic Flutter
In the viscous transonic flutter analysis, the previously men-

tioned NACA 0006 unstaggered cascade is again adopted. The
geometry, flow conditions, and structural parameters are the
same as those in the inviscid transonic flutter case. The values
of Reynolds number and Courant-Friedrichs-Lewy (CFL)
number are equal to 1 X 106 and 6.0, respectively. In the
present solution-adaptive approach, the mesh shown in Fig. Ib
is chosen as the background grid, and the values of Cl and
C2 are set to be 0.3 and 0.8, respectively. To investigate the
unsteady viscous flow phenomena and compare with the re-
lated results in inviscid flow calculations, the instantaneous
meshes and corresponding vorticity contours at T = 22.0, 24.0,
and 26.0 are plotted in Fig. 4b (V* = 3.33). Because of the

boundary-layer effect, the shock structure (such as the A shock)
and related unsteady behaviors are different from those in in-
viscid flow. The regions with a high gradient of vorticity are
located around the shocks, leading edge, wake, and lower sur-
face of the blade. To understand the aeroelastic behavior, the
time histories of h/c, a, and Etot of the blade are plotted in Fig.
5. For the case with V* = 2.5, the magnitudes of a and values
of EM progressively decay. Therefore, the motion of the blade
is stable with time. However, the blade motion for this case in
inviscid flow is unstable. When the value of V* is replaced by
3.33, the blade responses progressively increase, so that blade
flutter occurs. The values of Etot and amplitudes of hlc and a
in viscous flow are smaller than those in inviscid flow. From
the preceding discussion, it is obvious that the viscous effect
has a damping influence on the aeroelastic behavior. To further
understand the flutter behaviors in inviscid and viscous flows,
FFT analysis of the pitching displacements is presented in
Figs. 6a and 6b. For those two unstable cases with V* = 3.33,
the reduced frequency of fundamental instability (/0) in vis-
cous flow is a value of 0.346 (Fig. 6b), whereas the value of
/0 is equal to 0.225 (Fig. 6a) in inviscid flow. It is interesting
and worthwhile to indicate that the distributions of normalized
amplitude of pitching displacement are significantly different
from each other. In the inviscid flutter calculation (Fig. 6a;
V* = 3.33), the magnitudes of first (2/0), second (4/0), and
higher harmonics are much smaller than that of the fundamen-
tal instability. Therefore, the aeroelastic behavior of inviscid
flutter is mainly determined by the fundamental instability.
When the viscous flutter problem (Fig. 6b; V* = 3.33) is stud-
ied, the magnitude of frequency 2/0/3 is significant, so that the
flutter behavior is not completely dominated by the fundamen-

Fig. 7 Instantaneous meshes and corresponding vorticity contours for the unstaggered NACA 0012 cascade in viscous subsonic stall
flutter calculations at Mx = 0.3 and V* = 3.0.
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tal instability. With regard to stable (viscous flow) and unstable
(inviscid flow) cases with V* = 2.5, the value of fundamental
frequency (/0) in viscous flow is equal to 0.464 (Fig. 6b),
which is closer to that of 0.451 (Fig. 6a) in inviscid flow. Also,
the distributions of normalized amplitude of pitching displace-
ment indicate that the aeroelastic behaviors in viscous and in-
viscid flows are controlled by the fundamental instability.
Based on the modal identification analysis and an interpolation
process, the flutter reduced velocity is V$ = 2.94, which is
higher than that in the inviscid flutter calculation (V% = 2.3).
According to the aforementioned discussion, it is concluded
that the viscous effect should be considered in the cascade
flutter analysis.

Viscous Subsonic Stall Flutter and Viscous Supersonic
Bending Flutter

To further understand the different kinds of cascade flutter
behavior, the subsonic stall and supersonic bending flutter
problems are investigated by the present solution-adaptive ap-
proach. For those two kinds of flutter problems, the compu-
tational domain comprises four NACA 0012 blades (Figs. Ic
and Id), where the gap-to-chord ratio and stagger angle are
the values of 1.0 and 0 deg, respectively. The structural pa-
rameter values are ra = 0.5, xa = 0.25, (*)hl(*)a = 0.2, JJL = 100,
and the elastic axis at 25% chord. The values of Reynolds and
CFL numbers are equal to 9 X 106 and 3.0, respectively. By
applying the mesh-refinement procedure to the present flutter
calculations, Cl and C2 are set to be 0.3 and 0.8, respectively.
For each kind of flutter calculation, the lowest blade is given
a small initial pitching velocity (da/dr) of 0.0425, and all the
other blade displacements and velocities are initially zero.

In the subsonic stall flutter analysis, the steady-state calcu-
lation on a coarse mesh (Fig. Ic) is performed at a freestream
Mach number M^ = 0.3, angle of attack a^ = 22 deg, and the
outflow static back pressure ratio pe/p^ = 1.05. For two kinds
of reduced velocities V* = 2.0 and 3.0, the coarse mesh (Fig.

0.4-1
a V* = 3.0
h/c V* = 3.0

0.0
80.0

Ic) is used as a background grid during the solution-adaptive
calculations. After T ^ 50.0, the coarse mesh is refined ac-
cording to the unsteady solutions. For the case with V* = 3.0,
the instantaneous meshes and corresponding vorticity contours
(Fig. 7) clearly indicate the formation/convection/shedding of
vortices along the lowest, second, and third blade surfaces. The
time-variation of vorticity contours around the fourth blade is
less significant. To understand the aeroelastic behavior, time
histories of h/c, a, and Etot of the lowest blade are plotted in
Fig. 8. For the case with V* = 3.0, the amplitudes of a pro-
gressively increase. The stall flutter is triggered by the motion
of the lowest blade. Considering the case with V* equal to 2.0,
the histories of a and Etot indicate that the lowest blade is
nearly neutrally stable. From the FFT output of pitching dis-
placement (Fig. 6c), the reduced frequency of fundamental in-
stability (/0) is equal to 0.409 when the unstable case with
V* = 3.0 (ka = 0.333) is studied. The subsonic stall flutter
behavior is dominated by the fundamental instability in this
example. For the case with V* = 2.0 (ka - 0.5), the value of
fundamental frequency (/0) is equal to 0.511 (Fig. 6c), which
is close to the value of ka. Similar to the case with V* = 3.0,
the aeroelastic behavior is controlled by the fundamental in-
stability. Based on the modal identification analysis and an
interpolation process, the flutter reduced velocity is found to
be 2.19.

Finally, a supersonic bending flutter analysis is presented for
the same cascade structure. When the freestream Mach num-
ber, angle of attack, and outflow static back pressure ratio are

co
CM

Fig. 8 Histories of h/c9 or, and Etot for the lowest blade of an
unstaggered NACA 0012 cascade in viscous subsonic stall flutter
calculations at M^ = 0.3.

Fig. 9 Instantaneous meshes and corresponding vorticity con-
tours for the unstaggered NACA 0012 cascade in viscous super-
sonic bending flutter calculations at MM = 1.1 and V* - 4.0.
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Fig. 10 Histories of h/c, a, and Etot for the lowest blade of an
unstaggered NACA 0012 cascade in viscous supersonic bending
flutter calculations at Mx = 1.1.

set to be 1.1, 8 deg, and 1.8, respectively, the steady-state
solution on a coarse mesh (Fig. Id) is obtained first. Then, the
solution-adaptive calculations with V* = 2.0 and 4.0 are pro-
cessed. For the case with V* = 4.0, the coarse mesh is refined
after T > 13.0. The instantaneous meshes and corresponding
vorticity contours at T = 13.0 and 23.0 are plotted in Fig. 9.
Unlike the subsonic stall flutter (Fig. 7), the large vortex struc-
ture is not observed. At T = 23.0, the lowest blade is very
close to the mesh boundary. This blade motion can also be
calculated from the results in Fig. 10, where the plunging dis-
placement (h/c) of the lowest blade reaches the value of 0.35.
Moreover, the total energy of the lowest blade progressively
increases, so that the bending flutter phenomenon is triggered
by the motion of lowest blade. Considering the case with V*
= 2.0, the time histories of h/c, a, and Eioi of the lowest blade
(Fig. 10) indicate that the aeroelastic behavior of the lowest
blade is dominated by bending motion, but it is stable and
close to the flutter boundary. In the FFT analysis of plunging
displacement (Fig. 6d), the value of reduced frequency of fun-
damental instability (/0) is 0.0557 for the unstable case (V* =
4.0; kh = 0.05). From the distribution of normalized amplitude
of plunging displacement, the instabilities of first (2/0), second
(4/o), and higher harmonics exist, but the magnitudes are
smaller. Therefore, the supersonic bending flutter can be de-
termined by the fundamental instability in the present example.
With regard to the case with V* = 2.0 and kh = 0.1, the value
of fundamental frequency (/0) is equal to 0.111 (Fig. 6d),
which is close to the value of kh. Also, the distribution of
normalized amplitude of plunging displacement indicates that
the aeroelastic behavior is mainly dominated by the funda-
mental instability. Based on the modal identification analysis
and an interpolation process, the value of flutter reduced ve-
locity is equal to 2.11.

Conclusions
In this paper, a time-domain approach is introduced to an-

alyze the inviscid transonic, viscous transonic, subsonic stall,

and supersonic bending cascade flutter behaviors. For the
present approach, the two-dimensional Euler/Navier-Stokes
equations and the structural model equations, where each blade
is treated as a typical section having plunging and pitching
degrees of freedom, are integrated simultaneously in time. By
using the explicit four-stage Runge-Kutta scheme, the struc-
tural model equations are solved to obtain the blade displace-
ments. In the inviscid flow calculations, a solution-adaptive
finite volume method with a globally dynamic mesh algorithm
is adopted. To achieve the viscous flow computations, this
method is extended by including a rigid-deformable dynamic
mesh algorithm and a treatment of numerical viscous flux
function. The Baldwin-Lomax turbulence model and two tran-
sition formulations are utilized. Comparing with the related
data for two inviscid cascade problems, the reliability and suit-
ability of the present approach are proved. Based on the time
histories of blade displacements and total energy in inviscid
and viscous transonic flutter calculations, the viscous effect has
a damping influence on the aeroelastic behaviors. Also, the
instantaneous meshes and vorticity contours indicate that the
shock structure (such as the A shock) and related unsteady
phenomena in viscous flow are different from those in inviscid
flow. According to the FFT analysis of pitching displacement,
the inviscid transonic flutter behavior is dominated by the fun-
damental instability. When the viscous transonic flutter of cas-
cade with V* = 3.33 is studied, the different value of funda-
mental frequency (/0) is obtained, and a significant response
of frequency 2/0/3 should be considered. For the subsonic stall
flutter, the instantaneous meshes and vorticity contours clearly
show the formation/convection/shedding of vorticies along the
blades. When the supersonic bending flutter is studied, the big
blade plunging displacement is predicted. Based on the FFT
analysis of pitching or plunging displacements, the subsonic
stall and supersonic bending flutter behaviors can be deter-
mined by the fundamental instability. By using the modal iden-
tification technique, the flutter reduced velocities for the pres-
ent cascade problems are estimated.
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